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1.1 (Ekeland [3]). $(X,d)$ $f$ : $Xarrow[0, \infty]$
(dom$f:=\{x\in X|f(x)<\infty\}\neq\emptyset$), ( ) ,
$x_{0}\in domf$ $\epsilon>0$ 2 $\overline{x}\in X$
(1) $f(v)\leq f(u)$ .
(2) $d(u,v)\leq 1$ .
(3) $w\neq v$ $f(v)-\epsilon d(v,w)<f(w)$
, Caristi
1.2 (Caristi [2]). (X, $d$) $f$ : $Xarrow[0, \infty]$ dom$f\neq\emptyset$
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1.3 ( [12]). (X, $d$) $f$ : $Xarrow[0, \infty]$ domf\neq \phi
$\inf_{x\in}xf(x)<f(u)$ $u\in X$ $v\neq u$ $f(v)+d(u, v)\leq f(u)$




Ekeland ([5], [6], [13]) $Gopfert$ $Rmmer$ Zalinescu
2
(1)
(2) Tammer Weidner [4]
2 $Gopfert$ $Ihmmer$ ZaJinescu 3
2
(X, $d$) $Y$ Banach
$K\subset Y$ $K$ pointed $K\cap(-K)=\{0\}$
$f:Xarrow Y$ $f(X)= \bigcup_{x\in X}\{f(x)\}$ $K$ $\leq\kappa$
$(Y, \leq\kappa)$
&f
$\forall y_{1},y_{2}\in Y$, $y_{1}\leq Ky_{2}\Leftrightarrow y_{2}-y_{1}\in K$.
$K$ pointed $\leq\kappa$ ( )
$a\in A\subset Y$ $A$ minimal
point $A\cap(a-K)=\{a\}$ ${\rm Min}(A;K)$ $K$ $A$
minimal point $Y=\mathbb{R}$ $K=\mathbb{R}+$ $A$ minimal point
$A$ $\Gamma$ : $Aarrow 2^{A}$ dynamical system
$x\in A$ $\Gamma(x)$ $x_{*}\in A$ $\Gamma$ critical point $\Gamma(x_{*})=\{x_{*}\}$
$x\in A$ $\Gamma_{A}(x):=A\cap(x-K)$ $\Gamma_{A}$ $A$
dynamical system






$K$ pointed $k^{0}\in K\backslash \{0\}$ [6] 1 $Gopfert$ $Ihmmer$
Zalinescu $X\cross Y$ $\preceq_{k^{O}}$
$(x_{1},y_{1})\preceq k^{0}(x_{2},y_{2})\Leftrightarrow y_{1}+d(x_{1},x_{2})k^{0}\leq\kappa y_{2}d\epsilon f$ .
$K$ pointed $\preceq_{k^{0}}$ $(XxY, \preceq_{k^{0}})$
[5] $Gopfert$ Tammer, Zalinescu $f:Xarrow Y$
( $\exists\overline{y}\in Y$ s.t. $\overline{y}\leq Kf(x):[6]$ 1 )
2.1 (Gopfert, Ttmmer and $Zalinacu[\epsilon]$). $f$ : $Xarrow Y$
$K\backslash \{0\}\subset intB$ $B\subset Y$ $f(X)\cap(\tilde{y}-B)=\emptyset$ $\tilde{y}\in Y$




(2) $x\in X$ $f(x)+d(x,\overline{x})k^{0}\leq Kf(\overline{x})$ $x=\overline{x}$
[1] $T$
2.2 ( [1]). $f$ : $Xarrow Y$ $B\subset Y$ $K\backslash \{0\}\subset$ intB
$f(X)\cap(\tilde{y}-B)=\emptyset$ $\tilde{y}\in Y$ (H1)
$T:Xarrow 2^{X}$ $x\in X$ $y\in Tx$
$f(y)+d(y,x)k^{0}\leq\kappa f(x)$
$T$ $x_{0}\in Tx_{0}$ $x_{0}\in X$
3





Proof. (Gopfert, Tammer and Zalinescu)=-\Rightarrow ( ) 22
( )\Rightarrow (Gopfert, Tammer and Zalinescu)
$X_{0}:=\{x\in X|f(x)+d(x,x_{0})k^{0}\leq Kf(x_{0})\}$
$x_{0}$
$Sx:=\{y\in X|x\neq y,f(y)+d(x,y)k^{0}\leq Kf(x)\}$
$Tx:=\{\begin{array}{ll}\{x\} Sx=\emptyset Sx Sx\neq\emptyset\end{array}$
$T:X0arrow 2^{X_{0}}$ 22 $T$ $\overline{x}\in X_{0}$
$\overline{x}\in X_{0}$ 21 (1) $S\overline{x}=\emptyset$ (2)
2.2 type 2
$K$ $k^{0}\in K\backslash (-K)$ ( $K$ pointed )
Gopfert, Ibmmer, Zalinescu $\varphi$ : $Yarrow 1-\infty,\infty$] $\varphi(y):=\inf\{t\in$
$R|y\in tk^{0}-K\}$ $\varphi$
([6] 3 ) Ekeland
$Gopfert$ $Ibmmer$ Zalinescu
2.4 (Gopfert, Tammer and $Zalinescu[6]$ ). $f$ : $Xarrow Y$
(H2) $r\in R$ $\{x\in X|f(x)\leq Kf(xo)+rk^{0}\}$




(3) $x\in X$ $f(x)+\sqrt{\epsilon}d(\overline{x},x)k^{0}\leq\kappa f(\overline{x})$ $x=\overline{x}$
4
2.5 ( [1]). $f$ : $Xarrow Y$ (H2) $f(X)\cap(\tilde{y}-K\backslash \{0\})=\emptyset$






Proof. (Gopfert, Ibmmer and Zalinescu)\Rightarrow ( ) [1] 33




$Sx:=\{y\in X|x\neq y, f(y)+\sqrt{\epsilon}d(x,y)k^{0}\leq Kf(x)\}$
$Tx:=\{\begin{array}{ll}\{x\} Sx=\emptyset Sx Sx\neq\emptyset\end{array}$
$T:X_{0}arrow 2^{X_{0}}$ 25 $T$ $\overline{x}\in x_{0}$
$\overline{x}\in X_{0}$
$f(\overline{x})+\sqrt{\epsilon}d(\overline{x},x_{0})k^{0}\leq Kf(\overline{x})+d(\overline{x},xo)k^{0}\leq Kf(xo)$ (1)
24 (1) $d(\overline{x},x_{0})>$ $(d(\overline{x}, xo)-\tau\cap\epsilon k^{0}+K\subset K\backslash \{0\}$
$(\sqrt{\epsilon}d(\overline{x},x_{0})-\epsilon)k^{0}+K\subset K\backslash \{0\}$ (1)
$f(\overline{x})$ $\in$ $f(x_{0})-\sqrt{\epsilon}d(\overline{x},x_{0})k^{0}-K$
$\in$ $f(x_{0})-\epsilon k^{0}-(\sqrt{\epsilon}d(\overline{x},x_{0})-\epsilon)k^{0}-K$
$\in$ $f(x_{0})-\epsilon k^{0}-K\backslash \{0\}$
(2) $S\overline{x}=\emptyset$ (3)
3 critical point theorem
3.1 critical point theorem
Caristi critical point
5
3.1 (tyPe 1). $f$ : $Xarrow Y$ (H1) $B\subset Y$ $K\backslash \{0\}\subset intB$
$f(X)\cap(\tilde{y}-B)=\emptyset$ $\tilde{y}\in Y$ $T:Xarrow 2^{X}$
$x\in X$ $Tx\neq\emptyset$ $y\in Tx$
$f(y)+d(y,x)k^{0}\leq Kf(x)_{\text{ }}$
$T$ critical point
Pmof. 22 $\overline{x}\in X$ $y\in T\overline{x}$ $y=\overline{x}$
critical point
3.2 (tyPe 2). $f:Xarrow Y$ (H2) $f(X)\cap(\tilde{y}-K\backslash \{0\})=\emptyset$





3.3 (tyPe 1) $\cdot$ $U$ $f$ : $Uarrow Y$ $X\subseteq f(U)$
(i) $(H1)$
(ii) $B\subset Y$ $K\backslash \{0\}\subset intB$ $f(X)\cap(\tilde{y}-B)=\emptyset$ $\tilde{y}\in Y$
(iii) $\Gamma(X)\subseteq X$ .




3.4 (tyPe 2). $U$ $f$ : $Uarrow Y$ $X\subseteq f(U)$
(i) $(H2)$
(ii) $f(X)\cap(\tilde{y}-K\backslash \{0\})=\emptyset$ $\tilde{y}\in Y$
(iii) $\Gamma(X)\subseteq X$ ,
(iv) $\Gamma(x):=f(X)\cap(x-K)$ $x\in X$ $y\in\Gamma(x)$ $f(y)+d(y,x)k^{0}\leq\kappa$
$f(x)$
${\rm Min}(f(X);K)$
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